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Q\ . The Hilbert space of a free massless particle moving on a group 

^ I manifold is studied in details using canonical quantisation. While the 

simplest model is invariant under a global symmetry, G x G, there is 
a very natural way to "factorise" the theory so that only one copy of 

^ ■ the global symmetry is preserved. In the case of G = SU{2), a simple 

deformation of the quantised theory is proposed to give a realisation 

K^ I of the quantum group, Ut{SL{2)). The symplectic structures of the 

^ I corresponding classical theory is derived. This can be used, in principle, 

to obtain a Lagrangian formulation for the Ut{SL{2)) symmetry. 
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Introduction 

The algebraic structures of quantum groups Ut{G) tiave been widely studied for some 
time'^J. However, its geometrical meaning as a symmetry in quantum field theory is still 
not well understood. It is therefore an intriguing task to obtain a Lagrangian formula- 
tion of the quantum group symmetry. One interesting possibility is to understand the 
quantum group structures in the chirally factorised two-dimensional Wess-Zumino-Witten 
models. [^'^1 However, it is very difficult to obtain an explicit formulation of the quantum 
group structures in these chiral models because their defining fields, so-called chiral ver- 
tex operators, are non-local operators. It turns out that we can study a simpler model 
which describes a particle moving on the manifold of a Lie group G. The idea is to study 
whether one can implement the quantum group structures, viewed as some deformation 
of G, by introducing nontrivial interaction to the particles. In other words, one should 
study a Lagrangian formulation of interacting particles with Ut{G) structure where the 
deformation parameter t can be related to the coupling constants. The aim of this paper 
is to investigate this possibility. 

One of the common features for particles and strings moving on a group manifold is 
the quadratic Poisson structures among their defining fields, U & G. In terms of the tensor 
notation, Ui = U ^ 1 and U2 = I ^U, they can be written as 

{Ui,U2} = UiU2ri2. (1) 

In general, the matrix ri2 may depend on dynamical variables. Faddeev et ah^'"*! suggested 
that these Poisson brackets can be quantised by an exchange relation, 

UiU2 = t/2t/iSi2, (2) 

where the classical limit of the braiding matrix B is ri2 in (1). For a particle moving on 
G — SU{2), this quantisation was first discussed in [4], but the Hilbert space structure of 
the quantised theory was not fully discussed. 

In this letter, we give a systematic derivation of the canonical structure of a free 
particle moving on a compact simple Lie group, G. In order to relate to the zero modes 
of the WZW model associated with G, we have used the same approach in [2] to quantise 
the particle case. It may not seem natural from the usual quantisation's point of view, 
but we will justify this particular approach and show that there are several advantages. 
In particular, it leads to a natural way of factorising the left-invariant and the right- 
invariant theory. Also, it suggests a simple deformation of the non-interacting model to 
give a quantum realisation of Ut{G). This deformation is explained in details for Ut{SL{2)) 
using two pairs of harmonic oscillators. We also derive the symplectic two-form which, in 
principle, should allow us to write down the Lagrangian whose symmetry is governed by 
Ut{SL{2)). 

Massless Free Particle Moving on a Group Manifold 

Let (/(r) denote a particle at time r taking values on a compact simple Lie group G 
of rank r. Denote t" = {H^, E°'}, for z = 1, 2, ..r and all the roots a, to be a basis of the 



generators for the corresponding algebra Q. These generators are normahsed such that 
Tr{t"'t^) = 6°'^ . Assuming that there is no interaction among the particles, we can write 
down the Lagrangian for the free massless particle moving on G as 

L = -]^Tr{g-^gg-^g). (3) 

This Lagrangian is invariant under a global symmetry G x G, i.e. (/(r) -^ gi ■ g{T) ■ (72, 
Wgi G G, (72 G G. Consequently, the equations of motion give the conservation of the two 
currents that generate the group transformations, 

drig-'g) = 0, drigg-') - 0. (4) 

A general solution of these equations can be written as (/(r) = uqc^^'^vo where uq 
and vo are the constant elements in G given by the initial conditions of (4). However, 
this parameterisation is ambiguous because we get the same solution after redefining the 
variables by uq — > wo/i, vq -^ /2~^wo, and e'^^'^ -^ fi^e^^^f2 with constant group elements 
/i, /2 G G. In order to minimise this ambiguity, we will restrict e*^"^ to be in the maximal 
torus T and write the solution as 

g(r) = ue^'-^e'P-^^v, u G G/H, v G H\G. (5) 

This way, the ambiguity in parameterising the solution in (5) is fixed up to the Weyl group 
W and the maximal torus T. In this sense, (5) gives a map between the classical phase 
space, G X G, and the configuration space, G. 

According to Zuckermant^l , there is a closed symplectic two-form given by the La- 
grangian L, 

u; = lTt{dgd&]. (6) 



2 {'' 'dg 
This symplectic form determines the Poisson structures of the theory according to, 

where {Ai} denote a basis of the coordinates on the phase space. Since it is the space of 
all the solutions of the equations of motion, we substitute the solution in (5) into (6). The 
symplectic form is now invertible and it gives the following Poisson brackets, 

{ui,U2} = uiU2ri2 -U2{ui,iq- H2} - ui{iq ■ Hi,U2}, (8) 

{-Di, V2} = -ri2iiiii2 - {vi,iq ■ H2}v2 - {iq ■ -ffi, i)2}'i'i- 

The last two brackets in (8) depend on the Poisson brackets of u, v with q ■ H. Their 
explicit forms depend on the parameterisation of the coset. However, we do not need to 



specify them for the purpose of this paper. In fact, we can simphfy the Poisson brackets 
in (8) in terms of the new variables, u = ue^'^'^ and v = e^'^'^v, 

{U1,U2} =UiU2ri2, .^, -^-^ i ^ ^ ,„, 

with ri2 = V E^(g)E_^. (9) 

{Vl,V2} = -ri2ViV2, o^^'" 

We have denoted $ to be the space of roots for the Lie algebra G. One can verify that 
these Poisson brackets satisfy the Jacobi identities. It is also straight-forward to check 
that u and v transform as the left-covariant and the right-covariant group elements under 
the currents L and R. 

L = drg-g~^, {Li,U2} = C12U2, V^^a^^ Zm^ 

_-, with C12 = > t^'^ta. (10) 

R = 9 -drQ, {Rl,V2} = V2Ci2, ^ 

Now, we can proceed the quantisation of these Poisson brackets. The first four brackets 
in (8) can be replaced with the following Dirac commutators, 

[q\p^] = ih6'^, [ui,V2] = 0, [u,p^] = 0, [v,p^] = 0. (11) 

As mentioned in the introduction, we quantise the quadratic brackets in (9) by the exchange 
relations, 

U1U2 = U2U1B12, t'it'2 = -B]~2^^'2^'l• (12) 

Quantum consistency requires that the braiding matrix B has to satisfy the following 
conditions. 

Classical limit, B =X ®X + ihri2 + 0{h~'^), (13a) 

Antisymmetry and Unitarity, B~^ = S' = PSP, (136) 

Jacohi identities, B23{pi)Bis{p)Bi2{p3) = B 12 {p)B 13 {p2)B 23 (p), (13c) 

Locality condition, [B,e"'-^^^+^^^ = 0, {13d) 

where the subscript oi p denotes a shift, e.g. p2 = p + hH2- This is because u and v defined 
in (9) do not commute with the momentum p: 

\p,U2] = hU2H2, [P,V2] = hH2V2. (14) 

The locality condition in (13d) is required to ensure that g{r) is local in the sense that 
their equal-time commutator vanishes, i.e. [gi{T) , g2{T)] — 0. 

The explicit solution for the braiding matrix in (13) can be obtained in a chosen 
representation for a given group. In this paper, we give the solution in the fundamental 
representation of G = SU{N). It has the form of exponentiating the classical r-matrix in 

(9): 

S = exp f - ^ Oc^Ec, ® E-c. ) . (15) 



The coefficients ^^'s can be determined from tlie Jacobi identities in (13c), 

sin 6*0 = h/p • a. (16) 

Altfiougli tlie braiding matrix B depends on the momentum p, the eigenvalues of PS do 
not. They are 1 and -1 with multiplicity ^N(N + 1) and ^N(N — 1) respectively. For 
N = 2, this braiding matrix has already appeared in [3]. 

In order to justify that (11), (12) and (15) determine all the quantum relations, we 
show that the current algebras can be derived from them. First, the quantum corrections 
to the SU{N) currents can be obtained from normal-ordering the classical currents in (10), 
e.g. putting p to the right-hand side of q. We can write these currents in terms of u and 
V respectively: 



lU 



{p-H)u-^ + 2ihH^, R = iv-^ {p ■ H) V + 2ihH'^ . (17) 



Then, using the braiding matrix in (15), we find that the transformation laws of the 
covariant vertex operators are given by 

[Li,U2] =ihCi2U2, [Ri,V2] =ihv2Ci2. (18) 

Following from (17) and (18), the symmetry algebras can be written in terms of the tensor- 
Casimir C12 defined in (10) as follows. 

[Li, L2] = ih[Ci2. L2I [Ru R2] = ih[Ci2. R2]. (19) 

Furthermore, the quadratic Casimir operators for L and R turn out to be equal and 
they depend only on the momentum p, 

C = -Tr{L'^) = -Tr{R^) = p^ - h'^Tr{H^H'^). (20) 

This implies that the Hilbert space can be decomposed into a direct sum of the diagonal 
products of the irreducible representations of the left and the right symmetry algebras, 

H = 0Va®Va. (21) 



In order to illustrate the factorisation of the Hilbert space and to study the inter- 
twining operators on this space, we now give an example of the above quantisation for 
G — SU{2) in details. In particular, we will construct the left-covariant vertex u explicitly 
in terms of harmonic oscillators and determine the Hilbert space which it acts on. To do 
so, it is very convenient to use the Euler parameterisation for the solution in (5): 



The symplectic form in (6) can now be easily inverted and the quantisation of the Poisson 
brackets gives three pairs of harmonic osciUators, 

[q,p] = ih, [A, D] = ih, [A,D] = ih, (23) 

where we have defined D = p cos D' and D = p cos D . These harmonic osciUators corre- 
spond to the six degrees of freedom in the phase space. 

The leit-SU{2) and the right-5't/(2) currents in (17) can now be expressed in terms 
of the harmonic osciUators as 



I 1 ^ ^''^ 

R' = D, R^ = e^^^^{p + D±^){p-DT^): 

and the quadratic Casimir operators depend only on the momentum, 

C = -Tr{L') = -Tr{R') = {p+^){p-^). (25) 

Therefore, the irreducible representations of the symmetry algebras are labelled by the 
eigenvalues of the momentum, p = (i + i), with the spin £ = 0, ^, 1, ...oo. Let us denote 
the {2£ + l)-dimensional irreducible representation of the leit-SU{2) by Vg and the one for 
the nght-SU{2) by Vg. Then, the Hilbert space can be decomposed into 

One can obtain the states in the Hilbert space as follows. Define the following or- 
thonormal basis {\i;m,n)} with 

\i; m, n) = e*(^+i)9e^'^^e^"^|0). (27) 

The highest weight state of spin i is \£] £, i) since it is annihilated by the raising operators 
L~^ and i?"*". The rest of the states in the representation can be obtained by applying the 
lowering operator L~ and R~ to the highest weight state: 

Ve^Ve = {Lt'^Rf\i]iJ), m,n = -£,-£+ 1, .1} . (28) 

These current generators act on the states according to 



L^\i; m, n) = ^/{iT m){i ±m + l)\i; m ± 1, n), 
R^\i; m, n) = ^/{eT n){i ±n + l)\i; m,n± 1). 



(29) 



This realisation makes it easy for us to study the action of the group element (/(r) 
and the left-covariant vertex operator u on the Hilbert space. For example, in the spin ^ 
representation, (/(r) defined in (5) is a unitary 2x2 matrix (normal-ordered), 

9ab{r) = ag+f^ - bg~f^, for a,b = ±1, (30) 

where g^ takes a state of spin i into a new state of spin ^ ± |. To be more precise, we 
have 



«?.WK;™.,.)4e-<-*-J:.fi^^ri=|n=|,4^„.,|,„4).,3:) 



On the other hand, applying the left-covariant vertex -u on a state \£;m,n) in 7i, we 
find that it gives the Wigner coefficients t^^ of SU{2) according to 

(32) 

where Uab = 1 except for n ^ = —1. Unlike (/(r), u takes a state in H outside of H. This 

is because the spin of the representation is changed while the quantum number n does not. 
If we omit n by projecting it down to 0, then u becomes a well-defined operator in the 
left-projected space, 

Pi(7^) = 0Vf, where V/' = {Li-""|£;£, 0), m = -£,-£ + 1, ..1} . (33) 



£>0 



This projected space can be identified as the Hilbert space for the left-invariant theory 
defined by u. All the states in different representations are connected to one another by u 
in the following way: 



ia+ Ua+ Ua+^ 



V^ Vf Vf ■■■■ (34) 



Notice that the left-index of u labels the new representation and the right-index labels the 
weight of the new states. 

Similarly, for the right-invariant theory, v acts on the right-projected Hilbert space 
with TO = 0, 



Pfl(H) = 0vf, where vf = {Rf\i]0,i), n = -£,-£ + 1, ..1} . (35) 



The difference from u is that the right-index of v labels the new representation and the 
left-index labels the weight of the new states. 



Another remark is that the exchange matrix B{p) can be identified as the Racah (6j- 
symbols) matrix for SU{2) when it acts on a physical state with eigenvalue, p = £ + ^ of 

{ - i £ — — 1 

Bmn,m'u'{p) = Sm+n,m'+n' < ? ^ _ rn+n £_ A \ ^°^ m, n = ±1. (36) 

Although B is singular when p is at the origin, i.e. £ = — |, the braiding matrix B{p) is 
well defined in H since this representation is excluded in H, 

Quantum realisation of Ut{SL{2)) 

In the previous section, we formulated the quantum theory of the left-SU{2) invari- 
ant particle in terms of two pairs of harmonic oscillators. In this section, we propose a 
deformation of those results to give a realisation for Ut{SL{2)). We shall use t = q^ to be 
the deformation parameter rather than q as in [7]. This is because the defining relations 
for the quantum group actually depend on q^ rather than q. 

Let us recall the defining relations of the generators for Ut{SL{2)), 

[if,X±]=±X±, [X+,X_] = [2Hi with [S] ^ ^^ 2I-1 ■ (37) 



The key observation to obtain a realisation of (37) is that we can modify (deform) the L^ 
generators given in (24) by replacing the momentum operators p with [p], i.e. 



53 = A S^^e^^^^[p + D±^]\p-DTl]. (38) 

Using [g, p] = [A, D] = ih, we can check that 

[^3, ^±] = ±hS±, [S+, S-] = [h][2Ss]. (39) 

At the classical limit when h —^ 0, this algebra is not the usual Lie algebra SL{2). In 
other words, the deformation occurs already at the classical level. For /I = 1, (39) gives a 
realisation of (37) and we shall set h = 1 from now on. The quadratic Casimir operator 
depends on p only, 

C ^ S+S. + [Ss][Ss + 1] = [p-l]\p+l]. (40) 

Thus, the representations of this algebra are labelled by the eigenvalues of [p — ^] = [i]- 
These representations are irreducible when £isO,^,l,|... Using the following ortho normal 
basis, 

'|£;m)=e'(^+^)'?e^"^^|0)|. (41) 



we obtain all the states in the spin i representation by applying the lowering operator S- 
to the highest weight states, \£;i), 

V^ = {5i-"^|£;£>, m = -£,-£+l, ...,£}. (42) 



While, the highest weight state |£;£) is annihilated by the raising operators S+. 

Applying the same deformation to the momenta in (22), we obtain the the following 
2x2 matrix, U, 



\V ^ ) ' ly = t-(^+-)/V[p-I^]/[2p]. ^ ^ 

The phase t~^^~P'''^ in x and a similar one in y are introduced such that det(W) is 1. 
Notice that U is not unitary any more under this deformation. We will call U the "Wigner" 
operator for Ut{SL{2)) because its matrix elements between states in Vi and V^_|_i given 
the Wigner coefficients for Ut{SL{2)). Thus, we have the following intertwining structure, 

Vo ' Vi ' Vi... ' Vfc.... (44) 

Ua — Ua — l^a — 

In order to study how the quantum group acts on the Hilbert space, we investigate 
the transformation oiU under the quantum group symmetry generated by (38). Using 
(39) and (43), we can write down the following commutators 

t±^3W„, =W„,t±^3t±«/2, Va,6 = ±l; 

The second equation in (45) can also be written as 

S±{U+bM-b) = (K+bM-b) (t-^^'Si - t^V±t-^=^) . (46) 

This implies that the transformation law of W under Ut{SL{2)) symmetry can be formu- 
lated in terms of the coproducts; namely, for every element g G Ut{SL{2)), g acts on U in 
the representation of spin i according to 

gU=l{{U^^^(»id)A{g). (47) 

We have denoted n[2l(^) to be the spin | representation of g. These cocycles are deter- 
mined by the ones for the generators of Ut{SL{2)), 

c c (48) 

It is also possible to study the commutation relation of the deformed Wigner operator 
U with itself. It turns out that it obeys the following exchange relation, 

KUiU2=U2UiB{p), (49) 

9 



where B(p = i + ^) gives the Racah {6j}-iiiatrix[^' for Ut{SL{2)), 
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and K is the constant R- matrix for Ut{SL{2)), 



[2p+l][2p-l] 



\2pP 








(50) 
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t) 



(51) 



As it turns out, Eq. (49) gives the operator identity for the IRF- Vertex transformation 
discussed in [7]. 

In this reahsation of Ut{SL{2)), we do not restrict the value of the parameter t. In the 
hmit when t = 1, we recover the results of the undeformed model in the previous section. 
For the interest of the chiral WZW models, we need to consider when the deformation 
parameter t is a root of the unity, i.e. t = e^'^+2 for some positive integer k. In this 
case, we have only a finite number of integrable representations which corresponds to 
£ = 0, i, 1, ...k/2. Although the braiding matrix in (50) becomes singular when p = or 
p = (k + 2)/2, i.e. i = — ^ or i = {k + l)/2, these singularities are not harmful when we 
consider only the integrable representations. 

Symplectic Structure and the Lagrangian formulation for Ut{SL{2)) 

We have given a simple realisation of the quantum group generators and the Wigner 
operator U in terms of two pairs of harmonic oscillators. In order to understand the 
geometrical meaning of this quantum theory and the origin of the deformation, one would 
like to have a Lagrangian formulation for its classical theory. It seems very plausible 
that U can be taken as the defining variable (particle) which transform covariantly under 
Ut{SL{2)). Indeed, by taking the classical limits of the quantum relations in the previous 
section, we obtain a set of Poisson brackets given by the following closed two-form in terms 
ofW, 

uj = idqdp + iSASD, 



47 



Tr{i4-f5pa3U-^5l( + e-'^^P''^U-^5l(e'^^P^^l(-^5l( 



(52) 



+ -{Z-^5Z+ + w{Zl^5Z+)w-^){5Z-ZZ^ + w{5Z-ZZ^)w-^)} 



where w 



1 \ 

1 is the Weyl reflection and Z_(_ and Z- are elements in the Borel 

subgroups S+ and B- defined in 



Z = Z+Z- =l(e''^^P'^'l(-\ 



(53) 
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Although Z± are defined up to an element h in the maximal torus, i.e. Z_|_ -^ Z^h, and 
Z_ -^ h~^Z-, the symplectic form in (52) is not affected by this re-definition. 7 is related 
to the deformation parameter according to t = e*'''. 

A similar symplectic form had been discussed by Alekseev and Malkin^^l in a more 
general context. Their approach is to deform the Kirillov symplectic form for Lie-Poisson 
groups. It is plausible that our result provides an explicit example of their approach. 
Once the symplectic form is determined, we can choose the classical Hamiltonian Hq to be 
quadratic Casimir given in (40) and write down the Lagrangian for the interacting particle 
with Ut{SL{2)) symmetry as 

L = Tr {U{U)drU - Hq} , (54) 

where Il{U) is the conjugate momentum of U as in the symplectic form iv = Tr{6U6Il}. 
However, it is difficult to obtain a simple way of writing the Lagrangian in terms of U 
other than a perturbative expression in powers of Int. We hope to consider this further in 
the near future. 
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